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Zh sursrvh urexvw frxqwhusduwv wr wkh Glherog dqg Pduldqr +4<<8,
whvw ri wkh qxoo k|srwkhvlv ri qr gl￿huhqfh lq wkh dffxudf| ri wzr frpshw0
lqj iruhfdvwv dqg wr wkh uhodwhg whvw iru iruhfdvw hqfrpsdvvlqj sursrvhg
e| Kduyh|/ Oh|erxuqh dqg Qhzerog +4<<;,1 Zh looxvwudwh wkh urexvwqhvv
sureohp dqg hydoxdwh wkh vl}h dqg wkh srzhu surshuwlhv ri wkh fodvvlfdo
dqg urexvw whvwv xqghu ydulrxv w|shv ri ghyldwlrqv iurp prgho dvvxps0
wlrqv1 Wkh qhz urexvw whvw kdv d fruuhfw vl}h dqg odujhu srzhu dfurvv d
zlgh vshfwuxp ri glvwulexwlrqv lqfoxglqj lq sduwlfxodu khdy|0wdlohg glvwul0
exwlrqv1
WYld Ex! 46/ FK09<33 Oxjdqr/ h0pdlo= urvdulr1ghoodtxlodCox1xqlvl1fk
_Eoy1 Srqw g*Duyh 73/ FK04544 Jhqhyd/ h0pdlo= hoyh}lr1urqfkhwwlCphwul1xqljh1fk
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Frpsdulqj iruhfdvw dffxudf| lv dq lpsruwdqw wdvn lq hfrqrplfv1 Glherog dqg
Pduldqr +4<<8, sursrvhg d zlgho| dssolfdeoh whvw ri wkh qxoo k|srwkhvlv ri qr
gl￿huhqfh lq iruhfdvw dffxudf| ri wzr frpshwlqj iruhfdvwv/ iru duelwudu| iruhfdvw
glvwulexwlrqv dqg duelwudu| orvv ixqfwlrqv zklfk fdq eh gh￿qhg prvw dssursul0
dwho| e| wkh hfrqrplf sureohp dw kdqg1 Wkh| vkrz lq d Prqwh Fduor vwxg|
wkdw wkh vl}h surshuwlhv ri wkh whvw zkhq wkh huuruv duh qrupdo ru Vwxghqw w9 glv0
wulexwhg duh fruuhfw dqg ehwwhu wkdq vhyhudo frpshwlqj whvwv/ sduwlfxoduo| zkhq
wkh xqghuo|lqj huuruv duh srvvleo| fruuhodwhg ru wkh vhulhv duh vhuldoo| fruuhodwhg1
D vlplodu whvw zdv sursrvhg e| Kduyh|/ Oh|erxuqh dqg Qhzerog +4<<;, wr whvw
iru iruhfdvw hqfrpsdvvlqj1
Lq wklv sdshu zh dqdo|}h wkh vl}h dqg srzhu surshuwlhv ri wkh Glherog dqg
Pduldqr +4<<8, whvw +GP whvw khqfhiruwk, iru glvwulexwlrqv zlwk idwwhu wdlov wkdq
wkh qrupdo dqg wkh w9 glvwulexwlrq dqg wkh jhqhudo lpsdfw ri glvwulexwlrqdo ghyl0
dwlrqv rq wkh GP whvw vwdwlvwlfv1 Wklv vlwxdwlrq lv riwhq hqfrxqwhuhg lq sudfwlfh
dqg vhyhudo vwxglhv vhhp wr lqglfdwh wkdw wkh glvwulexwlrqv ri kljk txdolw| uhdo
gdwd olh lq wkh udqjh w8 ￿ w6> vhh d ghwdlohg glvfxvvlrq lq Kdpsho/ Urqfkhwwl/
Urxvvhhxz dqg Vwdkho +4<;9,/s 15 6+KUUV +4<;9, khqfhiruwk,1 D vd￿ u v wu h 0
vxow zh ￿qg wkdw wkh vl}h ri wkh GP whvw iru idw wdlohg glvwulexwlrq lv glvwruwhg
lq vpdoo vdpsohv dqg kdv orzhu srzhu wkdq wkh sursrvhg urexvw frxqwhusduw ri
wkh GP whvw1 Rq wkh rwkhu kdqg/ zh ￿qg wkdw wkh lpsdfw ri jhqhudo vpdoo glv0
wulexwlrqdo ghyldwlrqv rq wkh whvw vwdwlvwlfv fdq eh yhu| odujh1 Lq sduwlfxodu/ zh
looxvwudwh vrph sdudgr{lfdo vlwxdwlrqv/ zkhuh wkh srzhu ri wkh GP whvw vkulqnv/
zkhq rqh vlqjoh revhuydwlrq zklfk vkrxog vwuhvv wkh gl￿huhqfh ehwzhhq iruhfdvw
dffxudflhv lv dgghg1
Zh irupdol}h dqg dqdo|}h wklv urexvwqhvv dvshfw dqg sursrvh dq lpsuryhg
whvw/ xvlqj wkh iudphzrun ri urexvw vwdwlvwlfv1 Wkh jhqhudo lghd ri urexvw vwdwlv0
wlfv lv wr surylgh hvwlpdwruv dqg whvwv wkdw duh vwdeoh zkhq wkh glvwulexwlrqdo
dvvxpswlrqv duh voljkwo| gl￿huhqw iurp wkh prgho dvvxpswlrqv1 Lq wkh fdvh ri
whvwv/ wklv phdqv/ wkdw wkh whvw vkrxog pdlqwdlq dssur{lpdwho| wkh fruuhfw vl}h
5dqg qrw orrvh wrr pxfk srzhu zkhq wkh hpslulfdo glvwulexwlrq gl￿huv +voljkwo|,
iurp wkh dvvxphg prgho glvwulexwlrq1 Wkh lpsdfw ri d voljkw glvwulexwlrqdo gh0
yldwlrq iurp wkh dvvxpswlrqv ru wkh h￿hfw ri dq rxwolhu fdq eh ghvfulehg lq d
qdwxudo zd| e| gh￿qlqj hvwlpdwruv dqg whvwv dv ixqfwlrqdov ri wkh xqghuo|lqj
glvwulexwlrq1 Wkh pdlq wrro iru wkh dqdo|vlv lv wkh lq xhqfh ixqfwlrq/ zklfk
fruuhvsrqgv wr d ghulydwlyh lq wkh ixqfwlrqdo vsdfh dqg khosv wr ghvfuleh wkh
lq xhqfh ri ghyldwlrqv lq d vpdoo qhljkerukrrg ri wkh uhihuhqfh glvwulexwlrq rq
wkh hvwlpdwru ru wkh whvw vwdwlvwlfv1 D jhqhudo ryhuylhz ri urexvw vwdwlvwlfv fdq
eh irxqg lq KUUV +4<;9,1
Lq rxu vshfl￿f frqwh{w/ zh kdyh d glvwulexwlrq iuhh whvw/ vr lw pd| vhhp wkdw
lq sulqflsoh zh vkrxog qrw fduh wrr pxfk derxw ghyldwlrqv iurp wkh dvvxpswlrqv1
Krzhyhu/ ￿uvw/ lw lv sodxvleoh wr dvvxph wkdw zh duh lqwhuhvwhg wr nqrz/ zkhwkhu
d iruhfdvwlqj vhulhv lv pruh dffxudwh wkdq dqrwkhu rqh edvhg rq wkh pdmrulw|
ri wkh gdwd dqg qrw srvvleo| ehfdxvh ri vlqjoh gdwdsrlqwv1 Dw ohdvw zh zrxog
olnh wr eh dzduh ri srvvleoh lq xhqwldo srlqwv/ wkdw lv/ srlqwv zklfk kdyh d odujh
lq xhqfh rq wkh vl}h dqg srzhu ri wkh whvw1 Wkh qhhg iru vxfk dq dqdo|vlv lv dg0
glwlrqdoo| vxssruwhg e| dq looxvwudwlyh h{dpsoh +Vhfwlrq 515,/ zkhuh dq rxwo|lqj
revhuydwlrq zklfk vkrxog khos wr vwuhvv wkh gl￿huhqfh lq iruhfdvw dffxudf| ohdgv
wr d orzhu srzhu lq vpdoo dqg prghudwh vdpsohv1
Vhfrqgo|/ wkh surshuwlhv ri wkh GP whvw duh edvhg rq dv|pswrwlf wkhru|1 Wklv
phdqv wkdw dowkrxjk wkh whvw zloo surylgh fruuhfw vl}hv dqg jrrg srzhu surshuwlhv
dv|pswrwlfdoo|/ lw lv qrw dvvxuhg/ wkdw wklv zloo dovr eh wuxh lq vpdoo vdpsohv1
Lq sduwlfxodu/ zh fdq lqwhusuhw wkh hpslulfdo glvwulexwlrq dv d glvwulexwlrq lq d
qhljkerukrrg ri wkh prgho glvwulexwlrq/ h1j1 d qrupdo/ w9 ru w6 glvwulexwlrq1
Lq d vkruw Prqwh Fduor vwxg|/ vlplodu wr wkh dqdo|vlv lq GP/ zh vkrz wkdw
wkh urexvwl￿hg GP whvwv surylghv d pruh dffxudwh vl}h lq vpdoo vdpsohv iru idw
wdlohg glvwulexwlrqv dqg lq dgglwlrq lv pruh srzhuixo wkdq wkh fodvvlfdo whvw1 Zh
frqfoxgh wkdw urexvw yhuvlrqv ri wkh GP whvw duh xvhixo frpsohphqwv ri wkh
fodvvlfdo dqdo|vlv1
Wkh sdshu lv vwuxfwxuhg dv iroorzv= Lq Vhfwlrq 5 zh looxvwudwh wkh urexvwqhvv
sureohp ri wkh fodvvlfdo GP whvw dqg suhvhqw wkh wrrov iru dqdo|}lqj wkh vhqvl0
6wlylw| ri d whvw/ zklfk duh wkhq xvhg wr sursrvh urexvw yhuvlrqv ri wkh GP whvw1
Vhfwlrq 6 suhvhqwv wkh Prqwh Fduor dqdo|vlv dqg looxvwudwhv wkh vl}h dqg srzhu
surshuwlhv ri wkh fodvvlfdo dqg urexvw GP whvw1 Vhfwlrq 7 frqfoxghv wkh sdshu1
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Zh frqvlghu d wlph vhulhv i|wj
W
w@4 wr eh iruhfdvwhg dqg wzr vhulhv ri iruhfdvwv/
ie |4wj
W
w@4 dqg ie |5wj
W





w@41 Wkh txdolw| ri wkh iruhfdvw lv hydoxdwhg e| phdqv ri d orvv ixqfwlrq
j+|w> e |lw,/ dqg iroorzlqj Glherog dqg Pduldqr +4<<8, zh zulwh vkruwo| j+|w> e |lw, @
j+hlw,1 Glherog dqg Pduldqr +4<<8, sursrvh d whvw iru wkh qxoo k|srwkhvlv ri
htxdo iruhfdvw dffxudf|/ wkdw lv H^gw‘ @3 / zkhuh gw @ j+h4w, ￿ j+h5w, lv wkh
orvv gl￿huhqwldo1 Dvvxplqj wkdw wkh orvv0gl￿huhqwldo vhulhv igwj
W
w@4 lv fryduldqfh
vwdwlrqdu| dqg vkruw phpru|/ wkh| sursrvh wr whvw wkh qxoo k|srwkhvlv wkdw wkh
srsxodwlrq phdq ri wkh orvv0gl￿huhqwldo ￿ lv 3 e| xvlqj d yhuvlrq ri wkh fhqwudo
olplw wkhruhp
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lv wkh vshfwudo ghqvlw| ri wkh orvv gl￿huhqwldo dw iuhtxhqf| 3/ ￿g+￿, @ H^+gw ￿
￿,+gw￿￿ ￿ ￿,‘ lv wkh dxwrfryduldqfh ri wkh orvv gl￿huhqwldo dw odj ￿1 Wkhuhiruh























+gw ￿ g,+gw￿m￿m ￿ g,>
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O+W,, lv wkh odj zlqgrz/ dqg O+W, lv wkh wuxqfdwlrq odj1 Glherog dqg Pduldqr












￿ ￿ ￿ ￿ 4
@3 rwkhuzlvh
zkhuh O+W, @ n￿4/ dujxlqj wkdw n0vwhs dkhdg iruhfdvw huuruv duh dw prvw +n￿4,
ghshqghqw1 Xqghu wkh qxoo k|srwkhvlv/ wkh whvw vwdwlvwlfv GP lv dv|pswrwlfdoo|
Q+3>4, glvwulexwhg41
Wkh GP whvw fdq eh hdvlo| dssolhg wr rwkhu vlwxdwlrqv1 Kduyh|/ Oh|erxuqh
dqg Qhzerog +4<<:, sursrvh wkh GP iudphzrun whvw iru iruhfdvw hqfrpsdvvlqj1
Lq sduwlfxodu wkh whvw lv jlyhq e| orvv gl￿huhqwldov ri wkh irup gw @ h4w +h4w ￿ h5w,>
wkh qxoo k|srwkhvlv lv H+gw, @3 / wkdw lv/ iruhfdvw h4w grhv qrw hqfrpsdvv iruhfdvw
h5w1
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Lq wklv vhfwlrq/ zh suhvhqw wkuhh vkruw h{dpsohv wr looxvwudwh wkh vhqvlwlylw| ri
wkh fodvvlfdo GP whvw1 Lq wkh ￿uvw h{shulphqw/ zh gudz revhuydwlrqv iurp wzr
lqghshqghqw qrupdo glvwulexwlrqv dqg wkhq dgg rqh revhuydwlrq/ zklfk olhv dzd|
iurp wkh pdmrulw| ri wkh gdwd1 Zh zrxog h{shfw wkdw wkh GP whvw uhmhfwv wkh qxoo
ri htxdo iruhfdvw dffxudf|/ vlqfh wkh wzr vhulhv duh qrz gl￿huhqw1 Krzhyhu/ zkhq
4Kduyh|/ Oh|erxuqh dqg Qhzerog +4<<:, dvvhvv wkh ehkdylru ri wkh GP whvw lq prghudwh0
vl}hg vdpsoh dqg sursrvh wkh prgl￿hg whvw vwdwlvwlf=
￿(￿ ’ A3￿*2dA n￿3 2￿ n A 3￿￿E￿ 3 ￿￿o￿*2(￿￿
Wklv lv edvhg rq wkh xvh ri dq hvwlpdwru ri wkh yduldqfh ri _ w k d wl vx q e l d v h gw rr u g h uA 3￿1
8zh gudz 43333 wlphv vhwv ri 533 revhuydwlrqv iurp d elyduldwh qrupdo dqg hdfk
wlph sxw rqh revhuydwlrq dw 43 lq wkh ￿uvw vhulhv/ wkh GP whvw grhv qrw uhmhfw
wkh qxoo k|srwkhvlv ri htxdo iruhfdvw dffxudf|1 Lq Wdeoh L zh uhsruw wkh uhmhfwlrq
iuhtxhqflhv iru wkh h{shulphqw deryh iru wkh rqh vlghg GP whvw zlwk qrplqdo
vl}h ri 8(1 Zh zrxog h{shfw dq hpslulfdo srzhu deryh 31381 Vxusulvlqjo| wkh
hpslulfdo srzhu jrhv grzq1 Wkh GP whvw grhv qrw ghwhfw wkh gl￿huhqfh lq wkh
vhulhv1 Wklv lv frxqwhu0lqwxlwlyh= zh zrxog h{shfw wkdw dgglqj wkh revhuydwlrq
zrxog vwuhqjwkhq wkh gl￿huhqfh lq wkh huuru vhulhv1 Krzhyhu/ wkh whvw jrhv lq
wkh rssrvlwh gluhfwlrq/ zlwk dq h{wuhpho| orz uhmhfwlrq iuhtxhqf|/ ehfdxvh wkh
yduldqfh lv lq dwhg1
Lqvhuw Wdeoh L derxw khuh
Vlploduo| lq wkh vhfrqg h{dpsoh zh jhqhudwh wzr qrupdo huuru vhulhv zlwk
}hur phdq dqg zlwk yduldqfhv 415 iru wkh ￿uvw vhulhv dqg 413 iru wkh vhfrqg huuru
vhulhv1 Wkh GP whvw vkrxog wkhuhiruh uhmhfw wkh qxoo ri qr gl￿huhqfh lq iruhfdvw
dffxudf|1 Lq wkh ￿uvw urz ri Wdeoh LL/ zh uhsruw wkh uhmhfwlrq iuhtxhqflhv dw wkh
qrplqdo ohyho ri 8( zkhq whvwlqj zlwk wkh fodvvlfdo GP whvw1 Wkh uhmhfwlrq udwhv
udqjh iurp 45( zlwk 65 revhuydwlrqv wr ;<( iru 4357 revhuydwlrqv1 Lq wkh wklug
urz/ wkh vdph uhmhfwlrq udwhv duh uhsruwhg/ exw d vlqjoh rxwo|lqj srlqw +zlwk ydoxh
43, kdv ehhq dgghg wr wkh ￿uvw huuru vhulhv1 Zh zrxog h{shfw wkh srzhu wr jr
xs/ vlqfh wkh rxwo|lqj srlqw vkrxog vwuhvv wkh gl￿huhqfh lq wkh iruhfdvw dffxudf|
ri wkh wzr vhulhv1 Vxusulvlqjo| wkh hpslulfdo srzhu jrhv grzq h{fhsw zkhq
W @ 43571 Li zh whvw lqvwhdg xvlqj wkh urexvw yhuvlrq ri wkh GP whvw gh￿qhg lq
Vhfwlrq 517/ zh qrwlfh wkdw wkh srzhu ri wkh urexvw whvw lv dssur{lpdwho| htxdo
lq wkh ￿uvw fdvh +vhfrqg urz, dqg ulvhv dv zh zrxog h{shfw zkhq zh frqwdplqdwh
wkh ￿uvw vhulhv +iruwk urz,1
Lqvhuw Wdeoh LL derxw khuh
Wkh ￿uvw wzr h{dpsohv looxvwudwh krz d vlqjoh srlqw pd| uhyhuw wkh whvw gh0
flvlrq uhvxowlqj iurp wkh pdmrulw| ri wkh gdwd1 Lq wkh wklug looxvwudwlyh h{dpsoh/
dqrwkhu dvshfw ri wkh vhqvlwlylw| ri wkh GP whvw lv kljkoljkwhg1 Lqghhg zh vkrz/
9wkdw glvwulexwlrqv zlwk orqjhu wdlov wkdq wkh qrupdo pd| ohdg wr d eldv lq wkh
vl}h dqg wr d orz srzhu +vhh Vhfwlrq 6,1 Zh gudz 433 revhuydwlrqv iurp wzr
vwdqgdugl}hg dqg lqghshqghqw w6 glvwulexwlrqv dqg shuirup wkh fodvvlfdo dqg
urexvw GP whvw +vhh djdlq Vhfwlrq 517 iru wkh urexvw yhuvlrq ri wkh GP whvw,1
Wkh uhvxowv duh uhsruwhg lq Iljxuh 41 Wkh vrolg olqh fruuhvsrqgv wr wkh hpslulfdo
vl}hv ri wkh fodvvlfdo GP whvw/ wkh gdvkhg wr wkh hpslulfdo vl}hv ri wkh urexvw
yhuvlrq ri wkh GP whvw dqg wkh grwwhg olqhv duh wkh qrplqdo vl}hv1
Lqvhuw Iljxuh 4 derxw khuh
Zh vhh iurp Iljxuh 4 wkdw wkh hpslulfdo vl}h lv wrr vpdoo xs wr vl}hv ri 43(
dqg wrr odujh iru vl}hv deryh 43(1 Rq wkh rwkhu kdqg wkh urexvw hpslulfdo vl}hv
duh yhu| suhflvh1 Vlplodu uhvxowv exw gl￿huhqw fxuyhv iru wkh hpslulfdo vl}hv iru
wkh GP whvw dulvh iru gl￿huhqw w|sh ri huuru glvwulexwlrqv1
Iurp wkh looxvwudwlyh h{dpsohv deryh zh vhh/ wkdw vlqjoh revhuydwlrqv/ ru orqj
wdlohg huuru glvwulexwlrqv fdq ohdg wkh GP whvw qrw wr gl￿huhqwldwh ehwzhhq wzr
gl￿huhqw glvwulexwlrqv dqg wkdw wkh hpslulfdo vl}h pd| qrw pdwfk wkh qrplqdo
vl}h hyhq zlwk d odujh dprxqw ri revhuydwlrqv1 D urexvw yhuvlrq ri wkh GP
whvw/ zklfk lv deoh wr prgho wkh pdmrulw| ri wkh gdwd dqg pdlqwdlqv vwdeoh vl}h
dqg srzhu surshuwlhv zrxog eh khosixo1 Lq wkh iroorzlqj Vhfwlrqv zh xvh wkh
iudphzrun ri urexvw vwdwlvwlfv wr irupdol}h dqg dqdo|}h wkh vhqvlwlylw| ri wkh
GP whvw dqg wr frqvwuxfw urexvw yhuvlrqv ri wkh GP whvw1
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Lq wklv vhfwlrq/ zh ￿uvw dqdo|}h krz wkh h￿hfw ri d jhqhudo frqwdplqdwlrq lq0
 xhqfhv wkh vl}h dqg wkh srzhu ri d whvw lq d jhqhudo iudphzrun/ Wr eh pruh
suhflvh/ ohw [4>===>[q eh wkh vdpsoh dqg dvvxph wkdw [l lv glvwulexwhg dffruglqj













4 [l ￿ {
Wkh GP whvw vwdwlvwlfv Vq fdq qrz eh zulwwhq dv d ixqfwlrqdo/ wkdw lv d ixqfwlrq ri




l@4 [l dqg wkh fruuhvsrqglqj ixqfwlrqdo iru dq duelwudu| glvwulexwlrq I lv
jlyhq e| V+I,@HI+[4,1






zkhuh Y +V>I, lv wkh dv|pswrwlf yduldqfh 1 Lq sduwlfxodu xqghu wkh qxoo0k|srwkhvlv
K3 ri qr gl￿huhqfh lq iruhfdvw dffxudf|/ V+I, @3 1
Wkhq zh uhmhfw K3 li Vq An q>￿3/ zkhuh d3 lv wkh qrplqdo ohyho ri wkh whvw1 Lq
rughu wr txdqwli| wkh lpsdfw ri d voljkwo| gl￿huhqw glvwulexwlrq rq wkh vl}h dqg
wkh srzhu ri wkh whvw zh fdofxodwh wkh dv|pswrwlf srzhu/ zkhq wkh xqghuo|lqj
glvwulexwlrq lv jlyhq e|5










zkhuh J lv dq duelwudu| frqwdplqdwlqj glvwulexwlrq dqg I ￿ s
q lv d vhtxhqfh ri
frqwljxrxv dowhuqdwlyhv1 Lq Dsshqgl{ D zh vkrz +f1i1 dovr KUUV +4<;9,,/ wkdw
wkh dv|pswrwlf srzhu xqghu h Iq>￿>% lv jlyhq e|
olp
q$4￿+h Iq>￿>%, @4￿ ￿
￿









zkhuh ￿3 lv wkh dv|pswrwlf qrplqdo ohyho/ ￿ dqg ! duh wkh fxpxodwlyh glvwulex0
wlrq dqg wkh ghqvlw| ri wkh vwdqgdug qrupdo glvwulexwlrq uhvshfwlyho|/ H+V>I3, @
￿
C
C h ￿V+I h ￿,m h ￿@3
￿5
Y +V>I3, lv wkh Slwpdq h!fdf| ri wkh whvw/ I3 lv wkh prgho glvwulexwlrq
5Qrwlfh/ wkdw zh gr qrw frqvlghu fkdqjhv lq wkh vhuldo fruuhodwlrq ri wkh fruuhodwlrq ehwzhhq
wkh vhulhv1
;dqg LI+{>V>I3,@^Y +V>I3,‘4@5 lv wkh vhoi vwdqgdugl}hg lq xhqfh ixqfwlrq gh￿qhg
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Wkxv/ wkh vhoi0vwdqgdugl}hg lq xhqfh ixqfwlrq ghvfulehv wkh vwdqgdugl}hg
lpsdfw ri d srlqw pdvv frqwdplqdwlrq rq wkh whvw vwdwlvwlfv V1 Lw lv wkh J￿whdx{
ghulydwlyh ri wkh ixqfwlrqdo V dqg sod|v wkh vdph uroh dv wkh ghulydwlyh lq uhdo
dqdo|vlv1 E| phdqv ri wkh lq xhqfh ixqfwlrq/ zh fdq ghulyh wkh ￿uvw rughu
dssur{lpdwlrqv ri wkh h￿hfw ri d jhqhudo frqwdplqdwlrq rq hvwlpdwruv ru vl}h
dqg srzhu ri d whvw> vhh KUUV +4<;9, iru pruh ghwdlov1





lq rughu wr olplw wkh eldv lq wkh srzhu ru lq wkh vl}h ri d whvw1 Lq sduwlfxodu/ zh
lpphgldwho| vhh wkdw wkh plqlpdo srzhu ri wkh whvw lq wkh qhljkerukrrg +6, lv
jlyhq e|
￿plq @l q i
J
+￿+h Iq>￿>%,, @4￿ ￿
￿






Erxqglqj wkh lq xhqfh ixqfwlrq lv wkhuhiruh hqrxjk wr pdlqwdlq wkh srzhu lq d
suh0vshfl￿hg edqg durxqg ￿3/ wkh dv|pswrwlf srzhu dw wkh prgho1 Wkh dssur{0
lpdwlrq iru wkh dv|pswrwlf ohyho fdq eh rewdlqhg e| sxwwlqj ￿@3lq +9,/ wkdw
lv
olp
q$4￿+h Iq>3>%, @4 ￿ ￿
￿
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LIv+{>V>I3,gJ+{, . r+%,
zkhuh ￿3 lv wkh dv|pswrwlf qrplqdo ohyho1 Lq wklv fdvh wrr/ zh vhh/ wkdw ￿+h Iq>3>%,




+￿+h Iq>3>%,, @4￿ ￿
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<Wkh fkrlfh ri wkh urexvwqhvv sdudphwhu f￿ wr erxqg wkh dv|pswrwlf eldv ri




￿￿4+4 ￿ ￿3, ￿ %f￿￿
> +:,
zkhuh ￿3 lv wkh vl}h dw zklfk wkh whvw lv shuiruphg dqg % lv wkh dvvxphg frq0
wdplqdwlrq1 Qrwlfh/ wkdw wkh ydoxh ri f￿ ghwhuplqhv wkh ohyho ri urexvwqhvv dqg
wkhuhiruh wkh pdjqlwxgh ri wkh pd{lpdo eldv lq wkh vl}h ri wkh whvw61 Lq Iljxuh
5 zh sorw wkh eldv ri wkh vl}h dv d ixqfwlrq ri wkh dprxqw ri frqwdplqdwlrq iru
ydulrxv ohyhov ri f￿1 Zh qrwlfh wkdw zkhq wkh ohyho ri f￿ lv kljk/ wkh eldv jurzv
yhu| idvw durxqg % @3 1 Wklv phdqv wkdw lq vxfk fdvhv/ vpdoo ghyldwlrqv iurp
wkh prgho glvwulexwlrq ru ghyldwlrqv gxh wr vpdoo vdpsohv ohdg wr whvwlqj uhvxowv
zklfk fdq eh txlwh gl￿huhqw iurp wkrvh rewdlqhg xqghu wkh prgho ru wkrvh edvhg
rq wkh dv|pswrwlf wkhru|1
Lqvhuw Iljxuh 4 derxw khuh
Wkh frqvwdqw f￿ h￿hfwlyho| ghwhuplqhv wkh wudgh0r￿ ehwzhhq eldv dqg h!0
flhqf|1 D yhu| kljk ydoxh ri f￿ lv htxlydohqw wr shuiruplqj d fodvvlfdo whvw1
D zd| ri dsso|lqj +:, wr rxu fdvh/ zrxog eh wr xvh d vpdoo ydoxh ri % zkhq
zh zrxog olnh wr xvh wkh urexvw whvw wr surwhfw rxuvhoyhv iurp vpdoo vdpsoh
yduldelolw| dqg d odujhu ydoxh ri % zkhq zh zrxog olnh wr vhh zkhwkhu d whvw
edvhg rq wkh pdmrulw| ri wkh gdwd surylghv wkh vdph uhvxow dv wkh fodvvlfdo
dqdo|vlv1
Wkh uhvxowv ri wkh looxvwudwlyh h{dpsohv lq Vhfwlrq 515 fdq qrz eh h{sodlqhg
e| phdqv ri rxu dqdo|vlv1 Wkh| duh gxh wr wkh xqerxqghgqhvv ri wkh lq xhqfh
ixqfwlrq ri wkh whvw vwdwlvwlf ri wkh fodvvlfdo GP whvw1
/  !
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Vwduwlqj iurp wkh urexvw iudphzrun deryh/ zh fdq sursrvh gl￿huhqw erxqghg
lq xhqfh yhuvlrqv ri wkh GP whvw1 Wkh fkrvhq whvw fdq eh edvhg rq wkh sduwlfxodu







2 ￿ 3 0SW￿￿
43vwuxfwxuh ri wkh gdwd dw kdqg1 Iluvw/ zh sursrvh d whvw iru wkh fdvh zkhuh wkh
orvv gl￿huhqwldov duh dssur{lpdwho| v|pphwulf dqg vhfrqgo| iru wkh fdvh zkhuh
iruhfdvw huuruv duh dssur{lpdwho| v|pphwulf1
Frqvlghu ￿uvw wkh fdvh zkhuh wkh wuxh xqghuo|lqj glvwulexwlrq ri wkh orvv
gl￿huhqwldov gw lv lq d qhljkerukrrg ri d v|pphwulf +prgho, glvwulexwlrq1 Wkhq








zkhuh # lv wkh Kxehu ixqfwlrq jlyhq e|7 #f+{, @ pd{+plq+{>f,>￿f,1 Wkhq/ dv





zkhuh i#+g,+3, @ 4
5￿
S.4
￿@￿4 ￿#+g,+￿, dqg ￿#+g,+￿, @ H +#+gw,#+gw￿￿,,1 Wkh
lq xhqfh ixqfwlrq lv jlyhq e| LI+g>VGPU4>I 3, @ #+g, dqg iru orz frqwdplqd0
wlrqv HI3+#+g,, ￿ f/ dqg wkh urexvwqhvv frqvwdqw f pd| eh ghwhuplqhg pdnlqj
xvh ri +:, dqg zlwkrxw vshfli|lqj d uhihuhqfh prgho1 Qrwlfh wkdw zkhq f @ 4 zh
rewdlq wkh fodvvlfdo GP whvw vwdwlvwlfv1 Wkh whvw pd| dovr eh vlpso| lqwhusuhwhg
dv d prgl￿fdwlrq ri wkh GP whvw/ zkhuh rqh lv pruh lqwhuhvwhg lq prghoolqj
wkh pdmrulw| ri wkh gdwd/ lq rughu wr fkhfn zkhwkhu wkh fodvvlfdo whvwlqj uhvxow lv
gulyhq e| rqo| d ihz gdwdsrlqwv1 D fruuhvsrqglqj whvw zkhq wkh orvv0gl￿huhqwldov
duh v|pphwulf exw qrw durxqg 3 fdq hdvlo| eh frqvwuxfwhg81
Wkh whvw VGPU4 lv dssursuldwh zkhq wkh orvv gl￿huhqwldov duh dssur{lpdwho|
v|pphwulf1 Zkhq kljko| dv|pphwulf orvv gl￿huhqwldov duh d frqfhuq/ exw zh
7Rwkhu ￿ ixqfwlrqv pd| eh fkrvhq1 Krzhyhu/ iru wklv w|sh ri whvw/ ￿ fdqqrw eh uhghvfhqglqj>
vhh KUUV +4<;9, iru d jhqhudo glvfxvvlrq1
8Lqghhg/ zh fdq xvh wkh whvw vwdwlvwlfv 7W
(￿-￿ ’ ￿ I
A
SA
|’￿ ￿E_| 3 u￿ n u/ zkhuh u lv d
urexvw phdvxuh ri orfdwlrq vxfk dv wkh phgldq ru dq k0wulpphg phdq1 Wkhq xvlqj wkh vdph
FOW dv deryh/ zh ￿qg wkdw wkh glvwulexwlrq ri wkh 7W
(￿- xqghu wkh qxoo ri qr gl￿huhqfh lq
iruhfdvw dffxudf| lv ￿Efc2Zs￿E_3>￿n>￿ dqg wkh lq xhqfh ixqfwlrq ri wkh whvw vwdwlvwlfv jlyhq
e| U8E_(7(￿-￿c8 f￿ ’ E￿E_3uE8f￿￿3.83E￿E_3uE8f￿￿￿uU8E_(uc8f￿￿nU8E_(uc8f￿ zklfk
fdq djdlq eh xvhg wr ghwhuplqh wkh frqvwdqw S lq rughu wr erxqg wkh eldv ri wkh vl}h ehorz d
vshfl￿f ohyho1
44fdq vwloo dvvxph wkdw wkh iruhfdvw huuruv duh dssur{lpdwho| v|pphwulf/ dqrwkhu








zkhuh d @ HI3+#+g,, ￿ HI3+g,/ wkdw lv wkh eldv lqgxfhg e| wuxqfdwlqj qrq0
v|pphwulf orvv0gl￿huhqwldov1 E| vwdqgdug dujxphqwv zlwk wkh fhqwudo olplw wkh0
ruhp dv deryh/ zh fdq wkhq hvwdeolvk wkh dv|pswrwlf qrupdolw| dv lq wkh fdvh
deryh1 Qrwlfh/ wkdw d lv 3 iru v|pphwulf orvv gl￿huhqwldov dqg uhgxfhv wr wkh
VGPU4 whvw vwdwlvwlf1 Iru qrq0v|pphwulf orvv0gl￿huhqwldov lw pd| eh ghwhuplqhg
dvvxplqj dq h{solflw uhihuhqfh prgho I1 Qrwlfh/ wkdw lq urexvw vwdwlvwlfv wklv
lv qrw wrr uhvwulfwlyh1 Lqghhg zkhq h1j1 d qrupdo prgho lv dvvxphg urexvwqhvv
lv dovr jxdudqwhhg iru huuru glvwulexwlrqv zklfk duh lq d qhljkerukrrg ri wkh
qrupdo dv h1j1 d w8 glvwulexwlrq ru d glvwulexwlrq zklfk lv voljkwo| dv|pphwulf1
Qrwlfh wkdw lq wklv fdvh orfdwlrq/ vfdoh dqg fruuhodwlrq ri wkh iruhfdvw huuru vhulhv
kdyh wr eh ￿uvw hvwlpdwhg1
Wkh urexvw dqdo|vlv fdq eh frpsohphqwhg e| wkh dqdo|vlv ri wkh lq xhq0




w@4 zf+gw, ￿ gw/ zkhuh zf+gw, @
#+gw,
gw 1 Wkhuhiruh/ VGPU4 fdq eh ylhzhg
dv d zhljkwhg yhuvlrq ri wkh fodvvlfdo GP vwdwlvwlf1 Wkhvh zhljkwv kdyh ydoxhv
ehwzhhq 3 dqg 41 D zhljkw ri 4 fruuhvsrqgv wr qr grzqzhljkwlqj1 Wkh zhljkwv
dulvlqj iurp wkh urexvw dqdo|vlv fdq jlyh lpsruwdqw klqwv derxw srvvleoh ghyld0
wlrqv iurp wkh jhqhudo vwuxfwxuh ri wkh gdwd ru derxw sduwlfxodu shulrgv zkhuh
wkh iruhfdvw2iruhfdvwhu zdv shuiruplqj ehwwhu ru zruvh1
Qrwh/ wkdw h1j1 whvwv iru iruhfdvw hqfrpsdvvlqj fdq eh wuhdwhg lq h{dfwo| wkh
vdph zd|1 Lq wklv fdvh zh vlpso| sxw gw @ h4w+h4w ￿ h5w,1
45+"     1   	     	    
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Lq rughu wr hydoxdwh wkh ￿qlwh vdpsoh vl}h ri dqg srzhu surshuwlhv ri wkh fodvvl0
fdo dqg urexvw GP whvw dfurvv d odujh vshfwuxp ri xqghuo|lqj glvwulexwlrqv/ zh
shuirup d Prqwh Fduor dqdo|vlv xvlqj wkh vdph h{shulphqwdo ghvljq dv Glherog
dqg Pduldqr+4<<8,1 Zh gudz uhdol}dwlrqv ri wkh elyduldwh iruhfdvw0huuru surfhvv/
ih4w>h 5wj
W
w@4/ zlwk ydu|lqj ghjuhhv ri frqwhpsrudqhrxv dqg vhuldo fruuhodwlrq e|
￿uvw gudzlqj uhdol}dwlrqv xw @ ih4w>h 5wj
W
w@4/ zkhuh h4w>h 5w duh lqghshqghqw1 Zh
wkhq frqvwuxfw iruhfdvw0huuruv zlwk ydu|lqj ghjuhhv ri frqwhpsrudqhrxv fruuh0
odwlrq ￿ dqg vhuldo fruuhodwlrq +prylqj dyhudjh PD+4, zlwk sdudphwhu ￿, e|











Wkh wudqviruphg huuruv yw @ Sx w kdyh qrz d frqwhpsrudqhrxv fruuhodwlrq ￿1
Zh vhw n @4iru wkh dqdo|vlv ri wkh vl}h dqg nA4 iru wkh dqdo|vlv ri wkh srzhu1





















dqg y3w @3 19
Iru wkh Prqwh Fduor dqdo|vlv/ zh frqvlghu vdpsoh vl}hv ri W @6 5 >97>45;>589>845>4357>
frqwhpsrudqhrxv fruuhodwlrq sdudphwhuv ￿ @3 >3=8>3=</ dqg PD sdudphwhuv
￿ @3 =8>3=< iru wkh wzr vwhs dkhdg iruhfdvw huuruv1 Zh frqvlghu wkh iroorzlqj
glvwulexwlrqv iru wkh iruhfdvw0huuruv h4w>h 5w
:=
￿ elyduldwh qrupdo/
￿ Vwxghqw w9 glvwulexwlrq
9Pxowlsolfdwlrq e| ￿*
s
￿nw2 nhhsv wkh xqfrqglwlrqdo yduldqfh qrupdol}hg wr 41
:Dv lq Glherog dqg Pduldqr +4<<8, doo huuru glvwulexwlrqv duh vwdqgdugl}hg lq rughu wr kdyh
yduldqfh htxdo wr 41






zkhuh ￿ lv wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri d vwdqgdug qrupdo udq0
grp yduldeoh1 % @3 =38/ N @ 58>433=
Zh uhsruw wkh hpslulfdo vl}hv iru wkh qrplqdo vl}h ￿ @3 =38; dqg xvh 43333
Prqwh Fduor uhsolfdwlrqv1 Wkh wuxqfdwlrq odj lv vhw dw 3/ 4 uhvshfwlyho|1 Wkxv
dv lq wkh GP vlpxodwlrq vhwxs zh frqvlghu rqh0vwhs dkhdg dqg wzr0vwhs dkhdg
iruhfdvwlqj huuruv1
Zh dqdo|}h wkh srzhu e| frqvwuxfwlqj wzr huuru vhulhv lq wkh vdph pdqqhu
dv vkrzq deryh/ exw zh vhw n 9@4 1 Zh fkrrvh wkh sdudphwhu ydoxhv n @4 =71
Vlplodu uhvxowv dulvh iru n @4 =51
+ 
	
Lq Wdeoh LLL zh uhsruw wkh vlpxodwlrq uhvxowv iru wkh wzr vlghg GPU4 whvw iru
wkh hpslulfdo vl}h dw 8( lq wkh urexvw dqg fodvvlfdo fdvh iru rqh vwhs dkhdg
iruhfdvw huuruv1 Iru doo wkh vlpxodwlrqv zh xvh d txdgudwlf orvv ixqfwlrq1 Iru
doo wkh vlpxodwlrqv zh fkrrvh ￿{hg ydoxhv ri f ghshqglqj rq wkh ydoxh ri ￿1
Lq sduwlfxodu/ iru ￿ @3 > 3=8> 3=</ wkh fruuhvsrqglqj ydoxhv ri f duh ;> : dqg
6=8 uhvshfwlyho|1 Wkhvh duh rewdlqhg e| wkh wzr vlghg yhuvlrq ri +:,/ lq rughu
wr erxqg wkh pd{lpdo eldv ri wkh vl}h ehorz 3138( dvvxplqj dssur{lpdwho|
d frqwdplqdwlrq ri % @4 ( zkhq wkh xqghuo|lqj uhihuhqfh prgho lv elyduldwh
qrupdo1
Lqvhuw Wdeoh LLL derxw khuh
Wdeoh LLL uhsruwv wkh vlpxodwlrqv iru wkh hpslulfdo vl}h zkhq ￿ @3 1Z h
qrwlfh/ wkdw lq wkh fodvvlfdo GP fdvh +zlwk wuxqfdwlrq odj O+W, @3 ,/ wkh hp0
slulfdo vl}hv duh fruuhfw iru wkh qrupdo glvwulexwlrq/ exw ehjlq wr eh eldvhg +wrr
;Wkh uhvxow iru rwkhu qrplqdo vl}hv duh txdolwdwlyho| vlplodu/ dowkrxjk wkh eldv pd| jr lq
wkh rssrvlwh gluhfwlrq +wrr kljk,/ dv vhhq lq wkh wklug looxvwudwlyh h{dpsoh lq Vhfwlrq 5151
47orz, iru w9 huuruv1 Iru idwwhu wdlohg glvwulexwlrqv/ wkh hpslulfdo vl}h lv grzqzdug
eldvhg1 Qrwlfh wkdw iru kljkhu qrplqdo vl}h ydoxhv +h1j1 48(/ ru 43( rqh vlghg
whvw, wkh hpslulfdo vl}h zloo eh xszdug eldvhg1 Rq wkh rwkhu kdqg/ wkh urexvw
GP whvw vkrzv d juhdw vwdelolw| ri wkh vl}h +durxqg 3=38, dfurvv glvwulexwlrqv/
vdpsoh vl}hv dqg fruuhodwlrqv1
Wdeoh LY suhvhqwv wkh vdph vlpxodwlrq iru wzr vwhs dkhdg iruhfdvw huuruv
zlwk ￿ @3 =8<1 Wkh yduldqfh zdv hvwlpdwhg zlwk O+W,@4 1 Lq wklv fdvh/ wkh
ydoxhv ri f duh voljkwo| orzhu wkdq lq wkh suhylrxv fdvh1 Wdnlqj lqwr dffrxqw wkh
vhuldo fruuhodwlrq/ zh rewdlq e| +:, wkdw iru ￿ @3 > 3=8> 3=</ wkh fruuhvsrqglqj
ydoxhv ri f duh dssur{lpdwho| <> ; dqg 7 uhvshfwlyho|1 Djdlq zh vhh d vlplodu
vwuxfwxuh dv lq wkh ￿uvw fdvh iru W deryh 45;1 Iruhfdvw huuruv zlwk idw wdlov ohdg
wr glvwruwhg vl}hv lq wkh fodvvlfdo fdvh/ zkloh wkh urexvw whvw gholyhuv fruuhfw dqg
vwdeoh vl}hv1 Iru vpdoo vdpsohv wkh ydoxhv vhhp wr eh wrr kljk lq wkh urexvw
fdvh/ dqg lq wkh fodvvlfdo fdvh iru wkh elyduldwh qrupdo1 Qrwlfh krzhyhu/ wkdw
wkhuh duh wzr vrxufhv ri eldvhv lq wklv fdvh1 Wkh GP whvw lv ryhuvl}hg lq vpdoo
vdpsohv dqg dw wkh vdph wlph xqghuvl}hg iru idwwhu wdlohg glvwulexwlrqv dv zh
fdq vhh zkhq orrnlqj dw odujh vdpsoh vl}hv iru idwwhu wdlohg glvwulexwlrqv +h1j1
vhh w6 vhulhv/ zlwk W @4 3 5 7 ,1
Lqvhuw Wdeoh LY derxw khuh
Zh qrz dqdo|}h wkh srzhu surshuwlhv ri wkh urexvw dqg fodvvlfdo GP whvwv1
Zh vlpxodwh wkh huuru glvwulexwlrqv dv ghvfulehg lq wkh Vhfwlrq 614/ dqg vhw
n @4 =71 Zh uhsruw wkh uhvxowv iru wkh hpslulfdo srzhu iru wkh 8( txdqwloh lq
wkh urexvw dqg fodvvlfdo fdvh iru d rqh vwhs dkhdg iruhfdvw huuruv1 Wkh whvwv duh
rqh vlghg1
Lqvhuw Wdeoh Y derxw khuh
Zh fdq vhh wkdw wkh srzhu lv eurdgo| vlplodu lq wkh elyduldwh qrupdo fdvh1
Uhpdundeo| krzhyhu/ zh vhh/ wkdw iru glvwulexwlrqv zlwk idwwhu wdlov/ wkh srzhu
ri wkh urexvw whvw lv dozd|v kljkhu wkdq wkdw ri wkh fodvvlfdo whvw1
<Wkh uhvxowv iru w ’ f￿b duh vlplodu dqg duh rplwwhg iru euhylw|1
48Doo wkh vlpxodwlrqv deryh kdyh ehhq shuiruphg zlwk wkh GPU4 whvw1 Vlplodu
uhvxowv dulvh zkhq xvlqj wkh GPU4￿ dqg GPU5 iru wkh vlpxodwlrq ri wkh srzhu1
/1    	 
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Lq wklv sdshu zh sursrvh d urexvw yhuvlrq ri wkh Glherog dqg Pduldqr +4<<8,
whvw zlwk vwdeoh vl}h dqg srzhu zkhq wkh xqghuo|lqj glvwulexwlrq ri wkh huuruv
ghyldwhv iurp wkh dvvxphg xqghuo|lqj glvwulexwlrq1 Lq sduwlfxodu zh kdyh vkrzq
wkh h{wuhph vhqvlwlylw| ri wklv whvw wr ghyldwlrqv iurp wkh prgho glvwulexwlrq1
Wklv kdv dq h￿hfw rq wkh vpdoo vdpsoh surshuwlhv ri wkh GP whvw/ zkhq wkh
hpslulfdo glvwulexwlrq lv vhhq dv d frqwdplqdwhg yhuvlrq ri wkh wuxh xqghuo|lqj
glvwulexwlrq1 Lq dgglwlrq/ zh kdyh vkrzq wkdw vlqjoh revhuydwlrq pd| surgxfh
sdudgr{lfdo uhvxowv dqg wkdw lw lv wkhuhiruh xvhixo wr frpsohphqw wkh fodvvlfdo
GP whvw zlwk d urexvw yhuvlrq zklfk wdnhv lqwr dffrxqw wkh vwuxfwxuh ri wkh
pdmrulw| ri wkh gdwd1 Wklv fdq eh xvhixo iru ghwhfwlqj rxwo|lqj vwuxfwxuhv1
Zh ￿qg wkdw wkh urexvw yhuvlrqv ri wkh GP whvw duh d jrrg frpsohphqw
wr wkh fodvvlfdo whvw dqg fdq eh xvhg urxwlqho| wr vxssruw ru txhvwlrq fodvvlfdo
uhvxowv dqg hqkdqfh wkh lqirupdwlrq vhw ri wkh dqdo|vw1
Rshq uhvhdufk gluhfwlrqv lqfoxgh wkh ghyhorsphqw ri d vlplodu urexvw yhuvlrq
iru frpsdulqj ghqvlw| iruhfdvwv dv lq Glherog/ Jxqwkhu dqg Wd| +4<<:,1




Ohw [4>===>[q e hdv d p s o hr iq revhuydwlrqv1 Dvvxph wkdw [l lv glvwulexwhg
dffruglqj wr vrph glvwulexwlrq I/ dqg ohw I3 eh wkh prgho glvwulexwlrq1 Zh





Zh uhmhfw K3 = V+I, @3 /l iVq An q>￿3/ zkhuh d3 lv wkh qrplqdo ohyho ri wkh whvw
dqg nq>￿3 lv jlyhq e|
































zkhuh ￿+￿, vl wkh fxpxodwlyh glvwulexwlrq ri wkh vwdqgdug qrupdo glvwulexwlrq1
Qrz zh duh lqwhuhvwhg lq wkh ydoxh ri wkh dv|pswrwlf srzhu zkhq wkh xqghu0
o|lqj glvwulexwlrq ghyldwhv voljkwo| iurp wkh prgho glvwulexwlrq1 Vshfl￿fdoo| zh
gh￿qh d qhljkerukrrg h Iq>￿>% ri wkh prgho glvwulexwlrq I3 dv lq +6,> f1i1 KUUV
+4<;9, iru d glvfxvvlrq ri wklv irupdol}dwlrq1
Wkh dv|pswrwlf srzhu xqghu h Iq>￿>% fdq wkhq eh rewdlqhg e|
4:￿+h Iq>￿>%,@S h Iq>￿>%+Vq An q>￿3,




Vq ￿ V+h Iq>￿>%,
t




nq>￿3 ￿ V+h Iq>￿>%,
t
Y +V> h Iq>￿>%,
4
D
@ S h Iq>￿>%+
s
q
Vq ￿ V+h Iq>￿>%,
t










V+h Iq>￿>%, ￿ V+I3,
t
Y +V> h Iq>￿>%,
. r+4,,=









V++4 ￿h %,I3 .h %J,






￿ ￿ ￿ ￿
h ￿@3




V++4 ￿h %,I3 .h %J,





dqg zlwk Y +V> h Iq>￿>%, $
q$4 Y +V>I3, zh rewdlq
olp
q$4￿+h Iq>￿>%,@4 ￿ ￿
￿







@4 ￿ ￿+￿￿4+4 ￿ ￿3, ￿ ￿
s
H+V>I3,,





^Y +V>I3,‘4@5 . r+%,





^Y +V>I3,‘4@5 . r+%,>




C h ￿V+Ih ￿,m h ￿@3
￿5
Y +V>I3, lv wkh Slwpdq h!fdf| ri wkh whvw1
4;
^4‘ Glherog I1 [/ W1 D1 Jxqwkhu dqg D1 V1 Wd| +4<<:,= Frpsdulqj Ghqvlw|
Iruhfdvwv/ Zrunlqj Sdshu1
^5‘ Glherog I1 [/ dqg Pduldqr +4<<8,= Frpsdulqj Suhglfwlyh Dffxudf|/ Mrxuqdo
ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ 46/ 58605961
^6‘ Kdpsho I1 U1/ H1 P1 Urqfkhwwl/ S1 M1 Urxvvhhxz/ dqg Z1 D1 Vwdkho +4<;9,=
Urexvw Vwdwlvwlfv= Wkh Dssurdfk Edvhg rq Lq xhqfh Ixqfwlrqv1 Qhz \run=
Zloh|1
^7‘ Kduyh|/ G1L1/ Oh|erxuqh/ V1 M1 dqg S1 Qhzerog +4<<;,= Whvw iru Iruhfdvw
Hqfrpsdvvlqj/ Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ 49/ 587058<1
4<2  ! 	  
Wdeoh L= Looxvwudwlyh H{dpsoh L
Wzr lqghshqghqw elyduldwh qrupdo huuru vhulhv duh vlpxodwhg dqg d vlqjoh
odujh rxwo|lqj srlqw zdv dgghg wr wkh ￿uvw vhulhv1 Lq wkh Wdeoh uhmhfwlrq iuh0
txhqflhv ri d rqh vlghg whvw dw wkh qrplqdo ohyho ri 8( duh uhsruwhg1
W 65 97 45; 589 845 4357
Iuhtxhqf| ri Uhmhfwlrqv GP Whvw 3=3334 3=3334 3=3334 3=334 3=3388 3=34;4
53Wdeoh LL= Looxvwudwlyh H{dpsoh LL
Wzr lqghshqghqw elyduldwh qrupdo huuru vhulhv duh vlpxodwhg/ zlwk yduldqfhv
415 iru wkh ￿uvw vhulhv dqg 4 iru wkh vhfrqg huuru vhulhv1 Lq wkh ￿uvw dqg vhfrqg
urz zh uhsruw wkh uhmhfwlrq iuhtxhqflhv ri wkh fodvvlfdo dqg wkh urexvw whvw dw
wkh qrplqdo ohyho ri 8(1 Lq wkh wklug dqg iruwk urz/ wkh vdph uhmhfwlrq udwhv
duh uhsruwhg/ exw d vlqjoh rxwo|lqj srlqw +zlwk ydoxh 43, zdv dgghg wr wkh ￿uvw
huuru vhulhv1
W 65 97 45; 589 845 4357
Fo1 GP whvw 31463 314:7 315:5 3175; 3199; 31;<8
Ure1 GP whvw 3145; 314:5 31597 31744 31983 31;:<
Fo1 GP whvw +zlwk rxwolhu, 31333 31335 31379 3158< 31989 31<5;
Ure1 GP whvw +zlwk rxwolhu, 3153; 31576 31663 3179; 319;; 31;<6
54Wdeoh LLL= Hpslulfdo Vl}h Xqghu Txdgudwlf Orvv
Fodvvlfdo dqg Urexvw GP Whvw iru rqh vwhs dkhdg iruhfdvw huuruv1 h4 dqg
h5 duh elyduldwh vwdqgdug qrupdo +EQ,/ w9/ w6/F Q +3138/58, dqg FQ+3138/433,/
zlwk fruuhodwlrq jlyhq e| ￿ dqg ￿ @3 1 Wkhuhiruh lq wklv vlpxodwlrq wuxqfdwlrq
odj O+W,@3 1 Doo whvw duh wzr vlghg1 Wkh urexvwqhvv frqvwdqw f￿ lv fkrvhq wr
erxqg wkh pd{lpdo eldv durxqg 318( ri wkh qrplqdo 8( vl}h iru dq dvvxphg
frqwdplqdwlrq ri % @3 =341 Wkh vlpxodwlrq zdv shuiruphg zlwk 43333 uxqv1
Hpslulfdo vl}hv duh uhsruwhg1
EQ w9 w6 FQ+3138>58, FQ+3138>433,
W ￿ FO Ure FO Ure FO Ure FO Ure FO Ure
65 313 3138;9 313933 3137;: 3138:6 313677 313856 31354< 313795 313568 313843
65 318 3138;8 3138<6 3137;4 31389< 313686 313878 313593 3137;5 31357< 31379<
65 31< 3138<8 3138<< 313883 3138;9 313738 3137:< 313668 31376; 313636 313739
97 313 313866 313876 313788 313863 31369; 3138<3 313546 31384< 313683 313874
97 318 31384; 31385: 3137;9 3138:7 313697 313894 313587 313873 313636 3137;9
97 31< 313864 313877 313873 3138:7 313759 313875 313645 3137:5 313699 313854
45; 313 313839 313855 313767 3137<; 313675 31385; 313653 31383: 313796 3138;4
45; 318 31385; 313867 3137:9 31385< 31364; 31384; 31366: 313879 313738 3137<<
45; 31< 3137<8 3137<; 313836 31386< 31369< 31383: 313695 313834 31375< 313848
589 313 313848 313838 3137;5 31385< 31364: 313885 3136;8 313839 3137;4 3137<9
589 318 31383; 31384< 31383: 31385; 313659 31379; 313737 31379: 3137;4 313848
589 31< 31383; 313843 313884 31389: 3136;4 313847 31374< 3137<< 3137:4 31383;
845 313 31388< 31387< 3137;8 313864 313648 313834 31375; 31383< 3137:4 3137::
845 318 313864 313864 313785 3137:4 313644 3137:6 313754 313834 313835 313843
845 31< 313845 313846 3137<6 3137<; 3136;; 31383< 3137;9 313856 3137<7 3137<6
4357 313 313798 3137:: 3137;5 313855 313669 313856 3137;< 3137<7 3137;5 3137<8
4357 318 313848 313854 3137<4 313834 313656 3137<7 31386; 313833 313855 313866
4357 31< 313834 3137<< 3137;; 313835 3136:6 3137:7 3137;6 3137<; 313847 313836
55Wdeoh LY= Hpslulfdo Vl}h Xqghu Txdgudwlf Orvv/ Fodvvlfdo dqg
Urexvw GP Whvw iru wzr vwhs dkhdg iruhfdvw huuruv1
h4 dqg h5 duh elyduldwh vwdqgdug qrupdo +EQ,/ w9/ w6/F Q +3138/58,/d q g
FQ+3138/433,/ zlwk d fruuhodwlrq jlyhq e| ￿ dqg ￿ @3 =81 Wkhuhiruh O+W,@4 1
Doo whvw duh wzr vlghg1 Hpslulfdo vl}hv duh uhsruwhg1
EQ w9 w6 FQ+3138>58, FQ+3138>433,
W ￿ FO Ure FO Ure FO Ure FO Ure FO Ure
65 313 313;47 313;56 313:4: 313:<6 31386: 3139<9 313733 313935 313798 3139;:
65 318 313;73 313;7: 3139;7 313:75 3138;4 313:59 31377; 31396: 313774 313963
65 31< 313;57 313;5< 313:<8 313;54 31396: 313:36 313846 3138<4 31385; 31393;
97 313 313983 31398; 31387; 313963 313773 31398< 313649 3138;7 313773 31393;
97 318 313944 313965 313935 313997 313779 313953 31367: 3138:5 313743 3138;;
97 31< 313979 313987 3138;< 313954 313843 3138;7 313755 31386< 31378; 31389;
45; 313 3138:: 3138:; 313868 3138;6 3136:8 3138<8 3136:4 313856 3137<6 31393:
45; 318 313949 31394: 313847 3138:4 3136<6 3138:4 3136<4 3138:< 3137:9 313887
45; 31< 313865 313868 313868 31388; 313764 313879 31373< 31385: 31379; 31387;
589 313 313869 313869 3137<5 313865 313674 313865 313773 313833 3137;3 313845
589 318 31385: 31385< 313868 3138:3 313693 313847 31376: 313835 313843 313876
589 31< 313835 31383; 313896 313889 313755 313866 313787 31383; 3137<< 313855
845 313 313856 313865 3137<7 313869 313689 313859 313766 313836 3137<3 31384<
845 318 313884 313888 313764 313793 313658 3137;; 313798 31383: 31386: 31384<
845 31< 313847 313838 3137;< 313843 3136<6 313856 3137;; 313873 313834 31385<
4357 313 3137:9 313798 3137<; 313868 313684 313877 3137;6 313868 3137;9 313835
4357 318 31383< 31384< 313858 313878 313667 3137<5 313844 313843 313864 313864
4357 31< 3137;9 3137;: 313839 31385; 3136;< 313835 3137<9 31384< 313859 3138:4
56Wdeoh Y= Hpslulfdo Srzhu Xqghu Txdgudwlf Orvv/ Fodvvlfdo dqg
Urexvw GP Whvw iru rqh vwhs dkhdg iruhfdvw huuruv1
h4 dqg h5 duh elyduldwh vwdqgdug qrupdo +EQ,/ w9/ w6/F Q +3138/58, dqg
FQ+3138/433,/ zlwk d fruuhodwlrq jlyhq e| ￿ dqg ￿ @3 =31 Wkhuhiruh O+W,@3 1
Hpslulfdo vl}hv duh uhsruwhg1
EQ w9 w6 FQ+3138>58, FQ+3138>433,
W ￿ FO Ure FO Ure FO Ure FO Ure FO Ure
65 313 31484; 3148:5 3143;3 314654 313947 313<78 3137<< 31436< 313693 313:<3
65 318 314<47 314<:9 314645 314895 313:;9 314496 313979 31459: 313743 313;:9
65 31< 3185<5 318747 31748: 317989 31595: 316873 31545: 316786 314643 315757
97 313 315937 315947 31495; 314<6: 313;;7 3146;6 313878 314664 31385; 313<:4
97 318 316735 31675; 315467 315845 314466 314:7; 313:67 3149<3 313976 314439
97 31< 31;769 31;787 319<59 31:796 3174<< 318:38 315;89 318435 315754 316:;3
45; 313 317:65 317:69 315:35 3164<6 3144;< 3153:7 313:<; 314<98 313;:: 3145;:
45; 318 318;84 318;46 316976 317545 3149<3 315;9: 31437; 315875 3144<4 3149:8
45; 31< 31<;;4 31<;:; 31<547 31<8;; 3195<4 31;85: 317;8< 31::53 317;9: 31948:
589 313 31:9:8 31:933 317979 318886 314;4; 3169<9 314649 3165<6 31477: 314;;9
589 318 31;:5: 31;99< 3194<; 31:45; 31588: 317;8; 314;6: 317678 3153:9 315976
589 31< 413333 413333 31<<63 31<<<6 31:<49 31<;:5 31:;7; 31<993 31;539 31;;;5
845 313 31<963 31<8;< 31:5<5 31;78< 31594< 3194:3 3154<; 318954 315963 316689
845 318 31<<39 31<;<5 31;9;4 31<769 3169<3 31:::: 3166;; 31:465 316<36 31799;
845 31< 413333 413333 31<<<8 413333 31;<3: 413333 31<:86 31<<<7 31<;;< 31<<8;
4357 313 31<<<: 31<<<8 31<668 31<;:; 316;33 31;<47 317484 31;79< 317:;8 318:56
4357 318 413333 413333 31<;43 31<<;< 3185;7 31<9<; 318<<7 31<749 31998; 31:77;
4357 31< 413333 413333 31<<<< 413333 31<5<7 413333 31<<<< 413333 31<<<< 413333
571   
   
Qrplqdo dqg hpslulfdo vl}hv ri wkh fodvvlfdo Glherog dqg Pduldqr +4<<8, whvw
dqg ri d urexvw yhuvlrq ri wklv whvw1 Zh gudz 433 revhuydwlrqv iurp d w6
glvwulexwlrq dqg shuirup wkh fodvvlfdo dqg urexvw GP whvw +vhh Vhfwlrq 517,1
Wkh vrolg olqh fruuhvsrqgv wr wkh hpslulfdo vl}hv ri wkh fodvvlfdo GP whvw/ wkh
gdvkhg wr wkh hpslulfdo vl}hv ri wkh urexvw yhuvlrq ri wkh GP whvw1 Wkh grwwhg
olqhv fruuhvsrqg wr wkh 78 ghjuhhv olqh zkhuh wkh hpslulfdo vl}h pdwfkhv wkh
qrplqdo vl}h1







Bias of Size Effect of Contamiantion for Various Levels of c
Iljxuh 4= Uhodwlrq ehwzhhq eldv ri vl}h dqg dprxqw ri frqwdplqdwlrq1 Wkh
gl￿huhqw fxuyhv fruuhvsrqg wr gl￿huhqw ohyhov ri f￿1 % lv wkh ghjuhh ri frqwdpl0
qdwlrq1
59